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Abstract

Heat transfer by conduction in the walls of mini–micro-channels can get a quite multidimensional character. The

wall heat flux density, for small Reynolds numbers, can become strongly non-uniform: most of the flux is transferred to

the fluid flow at the entrance of the mini–micro-channel. Two analytical models of channel between parallel plates are

proposed. It is shown that inverting experimental measurements using a one-dimensional model, for small flow rates,

may lead to an underestimation of heat transfer coefficients. Another conclusion is that axial conduction in the walls of

a mini–micro counter-flow heat exchanger yields a loss of efficiency: an optimal wall conductivity that maximises this

efficiency exists. A new non-dimensional number quantifying the part of axial conduction in walls is proposed.

� 2004 Elsevier Ltd. All rights reserved.
1. Introduction

One particular characteristic of conductive heat

transfer at mini–micro scales is its rather strongly mul-

tidimensional character. The lower the hydraulic dia-

meter is, the more important the coupling between wall

and bulk fluid temperatures becomes because the h
transfer coefficient reaches large values. The conse-

quence is that the axial conductive heat transfer in the

wall cannot be neglected and that, the wall heat flux

density cannot stay uniform: heat transfer mainly occurs

at the entrance of mini–micro-channels. The term mini–

micro-channel relates here to channels whose hydraulic

diameter lies in the 10 lm to a few millimeters range, a

scale where the double layer effects as well as the velocity

slip condition can be neglected and where the Navier

Stokes equations as well as the Fourier law are still

valid. The axial conduction wall effect does not stem

from the appearance of a new phenomenon but, as
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Herwig and Hausner [1] or Guo et al. [2] have noticed, of

scaling effects with respect to a standard macro-analysis.

The experimental estimation of convective heat

transfer h coefficients requires the use of a heat con-

duction model for the wall because direct measurements

of temperature and wall heat flux at the interface be-

tween fluid and solid and direct local measurement of

the bulk temperature of the fluid are very difficult to

implement. Until now, the scientist community involved

in these h measurements ([3–7] etc.) used to apply the

model valid for most macro-channels––one-dimensional

(perpendicular to the flow) heat conduction in the wall––

to mini–micro-channels. So, the wall heat flux density is

considered to be uniform along the channel [3–7]. The

local temperature difference between the wall and the

fluid is then calculated, either by choosing a linear var-

iation for the bulk temperature of the fluid [5,7], or by

considering an extrapolation of the parallel flow heat

exchanger modelling and by choosing the logarithmic

mean temperature difference [4]. Another assumption

consists in considering this bulk temperature to be

constant and equal to the inlet bulk temperature [3,6].

Recently, Herwig and Hausner [1] have shown that these

assumptions are not always valid for mini–micro-chan-

nels. Not taking into account the non-uniformity of the
ed.
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Nomenclature

a thermal diffusivity, m2 s�1

A, B, C quadrupole matrices

Bi Biot number

c specific heat, JK�1 m�3

e thickness, m

G wall-flow coupling matrix

h convective heat transfer coefficient,

Wm�2 K�1

L length, m

M ‘‘axial conduction’’ number

N truncation order

Noq norm of order q
NTU number of transfer units

p Laplace variable, s�1

r wall aspect ratio, es=L
T temperature, K

T0 initial temperature and bulk temperature at

the inlet, K

V fluid mean velocity, m s�1

ðxi; ziÞ coordinate system linked to block i

Greek symbols

an eigenvalue of order n
k thermal conductivity, Wm�1 K�1

u flux density, Wm�2

U heat flux, W

q mass density, kgm�3

h, / column vector of the harmonics of the

Fourier transform of temperature and flux

density

hn, /n harmonics of order n of the Fourier trans-

form of temperature and flux density

h�ix space average in x direction

Subscripts or superscripts

i block number

f fluid

s solid

w wall-flow interface

1D one-dimensional model of conduction

exci excitation

Fig. 1. Channel between two parallel plates.
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wall heat flux density (or the non-linear variation of the

axial bulk temperature of the fluid), can lead to misin-

terpretations such as a variation of the Nusselt number

with the Reynolds number for laminar flow in particu-

lar. We analyse this type of problem here and propose

two analytical models of channel flow heat transfer be-

tween parallel plates. The potential inversion of mea-

surements is considered, the axial conduction in the wall

being taken into account. Several applications of these

models explain the particular effects occurring in mini–

micro-channel heat transfer. They are the consequences

of axial conduction in the wall. For a counter-flow micro

heat exchanger, axial conduction leads to a decrease in

efficiency. So an optimal wall conductivity which maxi-

mises the heat exchanger efficiency exists.
2. Parameters of the problem

Let us consider the geometry shown in Fig. 1 which

corresponds to a flow between two parallel plates: the

channel of thickness ef , of length L and width w is

bounded by a wall of thickness es, of thermal conduc-

tivity ks, and a lower wall that corresponds to an adia-

batic interface here. The heat excitation is associated

with a uniform flux density uexci imposed on the upper

face of the wall. The fluid flow is characterised by its

mean velocity V and its bulk temperature T fðxÞ. The
coupling between the flow and the wall is done through a

uniform heat transfer coefficient h.
The wall temperature T is governed by

o2T
ox2

þ o2T
oz2

¼ 0; ð1Þ

� ks

oT
ox

ðx ¼ 0; L; zÞ ¼ 0;

ks

oT
oz

ðx; z ¼ esÞ ¼ uexci P 0;

ð2Þ

and the bulk temperature T fðxÞ of the flow is solution of

qcefV
dT f

dx
¼ hðT ðx; z ¼ 0Þ � T fðxÞÞ ¼ ks

oT
oz

ðx; z ¼ 0Þ;

ð3Þ

T fðx ¼ 0Þ ¼ T f
0 : ð4Þ

So, the three natural non-dimensional parameters

of the problem are
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NTU ¼ hL
qcefV

; Bi ¼ hes
ks

; r ¼ es
L
; ð5Þ

that is to say a Biot number Bi based on the wall

thickness, the wall size ratio r and a number of transfer

units NTU. For physical interpretation reasons, the

interesting phenomena being the axial conduction in the

wall, we introduce an axial conduction number, see

Fig. 1:

M ¼ Ucond==

Uconv

¼
ks

esw
L

qcefwV
¼ r2 NTU

Bi
: ð6Þ

This non-dimensional number M allows to compare

axial heat transfer by conduction in the wall and con-

vective heat transfer in the flow. Uconv is the total con-

vective heat flux (here equal to Uexci ¼ wLuexci) and

Ucond== is a heat flux characterising axial heat transfer

in the wall:

Uconv ¼ qcefwV DT f and Ucond== ¼
DT f

Rcond==

; ð7Þ

with

Rcond== ¼ ks

esw
L

; DT f ¼ T fðLÞ � T fð0Þ: ð8Þ

Here Ucond==, which gives a rough estimation of the

axial heat flux in the wall, is built assuming the transfer

is one-dimensional (in the x-direction) through the same

temperature difference DT f than the one seen by the

fluid. This number M is usually very low in the case of

macro-channels (low es=ef , large V and L) which implies

that conductive heat transfer in walls is nearly one-

dimensional and perpendicular to the fluid flow for these

macroscopic cases. However this number can become

quite large, when the size of the system decreases.
3. Reduced model for heat conduction in the wall

Let us consider now the problem shown in Fig. 1. A

reduced model will be proposed for the solid and fluid

temperature fields. This model is valid only when the

Biot number Bi is very low. We consider the wall to

behave as a thermal fin here, with a uniform temperature

in its cross-section:

T sðx; zÞ ¼ T sðxÞ assuming Bi ¼ hes
ks

	 1: ð9Þ

Integration of the heat equation (1) along the wall

thickness yields

d2T s

dx2
� h

kses
ðT s � T fÞ þ uexci

kses
¼ 0; ð10Þ

where the excitation flux density uexci is assumed to be

uniform here.
The energy balance (3) for the fluid flow yields

dT f

dx
� h

qcefV
ðT s � T fÞ ¼ 0: ð11Þ

Integration of system (10) and (11) leads to the

explicit solution of both temperatures as functions of

M and NTU:

T fðx
 ¼ x=LÞ

¼NTU
uexci

h
x

"

þM 1

 

� e
NTU
2

ð1�x
Þ sinhðPx
Þ þ e�
NTU
2

x
 sinhðPð1� x
ÞÞ
sinhðP Þ

!#
;

ð12Þ

T sðx
Þ ¼ uexci

h
1

0
@ þNTUT x


8<
: þ M 1

2
4

�
e�

NTU
2

x
 sinhðPð1� x
ÞÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4=MNTU

p
coshðPð1� x
ÞÞ

h i
2 sinhðPÞ

þ
e
NTU
2

ð1�xÞ
 sinhðPx
Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4=MNTU

p
coshðPx
Þ

h i
2 sinhðPÞ

3
5
9=
;
1
A;

ð13Þ

with

P ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NTU

2

� �2

þNTU

M

s
: ð14Þ

This solution is written as the sum of two terms, the

first relative to the one-dimensional model of a thin wall

and the second expressing the axial conduction in the

wall. The M number naturally appears here as a factor

of the second term. This very simple analytical model

allows to estimate heat transfer coefficient using wall

temperature measurements and taking axial heat con-

duction in the wall into account (see a simulation of

inversion presented in Section 4.3).
4. Exact modeling of heat conduction in the wall

The preceding model is valid for very low Biot

numbers constructed with the wall thickness. This

assumption is not always valid for mini–micro-channels.

Thus, the coming part is dedicated to the development

of a more complete model that will be solved by the

thermal quadrupole method [9,10].

4.1. The thermal quadrupole method

The thermal quadrupole method allows a quasi-

analytical and rapid modeling of conductive transfer

through geometries made of a stack of parallelepipedic



Fig. 2. Block whose lateral faces are insulated.

Fig. 3. Fluid flow subjected to a non-uniform wall heat flux

density.
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blocks. Let us consider a homogenous block in space

whose lateral faces are insulated as shown in Fig. 2. In

the two-dimension domain constituted by the block, the

transient heat equation is written:

DT ðx; z; tÞ ¼ 1

as

oT ðx; z; tÞ
ot

;

� ks

oT
ox

ðx; z; tÞ ¼ 0 for x ¼ 0 and x ¼ L;

T ðt ¼ 0Þ ¼ T0;

ð15Þ

where as and ks are the diffusivity and the conductivity

of the material.

Applying a Fourier-cosinus transform of the x-
coordinate and a Laplace transform in time allows to

solve this system and to write the input–output relation

relative to the block in the transformed space. The

double transform is defined by

hnðz; pÞ ¼
Z L

x¼0

Z 1

t¼0

T ðx; z; tÞ expð�ptÞ cosðanxÞdtdx;

ð16Þ

/nðz; pÞ ¼
Z L

x¼0

Z 1

t¼0

�k
oT
oz

ðx; z; tÞ expð�ptÞ cosðanxÞdtdx;

ð17Þ

where p is the Laplace variable, n the order of the con-

sidered harmonic and an ¼ np=L the eigenvalue of order

n corresponding to the lateral dimension of the block.

The input–output relation is written, using column

spectrum vectors:

hð0; pÞ
/ð0; pÞ

� �
¼

AðpÞ BðpÞ
CðpÞ AðpÞ

� �
hðe; pÞ
/ðe; pÞ

� �
;

An ¼ chðcneÞ; Bn ¼ 1=kscnshðcneÞ;
Cn ¼ kscnshðcneÞ; c2n ¼ ðnp=LÞ2 þ p=as; ð18Þ

where the square diagonal matrices A, B and C are

transfer matrices and where h and / are the spectrum

vectors of temperature and flux density truncated to

keep N modes:

h ¼ ð h1 � � � hN Þt and / ¼ ð/1 � � � /N Þt:
ð19Þ
The knowledge of two boundary conditions allows

the calculation of the two other ones (temperature or

flux in z ¼ 0 or in z ¼ e). This relationship (18) is exact

and the only source of error is the necessary truncation

of the different spectra. Temperature and flux density

inside the block are calculated by dividing the block into

several layers (each layer constituting one block). The

return to the real space is then calculated through an

inverse Fourier transformation:

T ðx; z; pÞ ¼
XN
n¼0

hnðz; pÞ
Non

cos
np
L
x

� �
;

No0 ¼ L; Non
nP 1

¼ L
2
: ð20Þ

This first inversion is followed by an inverse Laplace

transform, which is numerically computed according to

the Stefhest algorithm [11]. Let us remark that the case

p ¼ 0 corresponds to steady state conditions where

Eq. (18) also stands for simple Fourier transforms of

temperatures and heat flux densities.

4.2. Coupling transfer in the wall with a fluid flow of bulk

temperature T f (x; t)

Let us consider the geometry shown in Fig. 3, where a

fluid flow in a channel of thickness e––constant mean

velocity V , volumetric thermal capacitance qc, bulk

temperature T fðx; tÞ––is subjected to a wall heat flux

uwðx; tÞ (from the wall to the fluid) at time t ¼ 0. The

lower face of the channel is insulated. The initial tem-

perature of the system is assumed to be uniform and

equal to the inlet temperature of the fluid. They are both

noted T f
0 . This case is the same as above––Section 2––

but the excitation is neither uniform nor steady and the

wall is not considered yet. The equation governing the

bulk temperature of the flow is

uwðx; tÞ ¼ qce
oT fðx; tÞ

ot

�
þ V

oT fðx; tÞ
ox

�
: ð21Þ

Applying a Laplace transform in time––upper bar

on the transformed quantities––and considering the

relative heating DT
fðx; pÞ ¼ T

fðx; pÞ � T f
0=p, Eq. (21)

becomes
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�uwðx; pÞ ¼ qcef pDT
fðx; pÞ

 
þ V

oDT
fðx; pÞ
ox

!
: ð22Þ

Integrating Eq. (22) by the method of variation of the

constant yields:

DT
fðx; pÞ ¼

R x
0
�uwðx; pÞep

V x dx
qceV

e�
p
V x: ð23Þ

So, after replacing the flux density by its developed

expression (according to (20)):

DT
fðx; pÞ ¼

R x
0

PN
q¼0

/w
q ðpÞ
Noq

cosðaqxÞ
� �

e
p
V x dx

qceV
e�

p
V x: ð24Þ

We still have to integrate Eq. (24) and to calculate the

spectrum of DT
fðx; pÞ according to (16) using the same

Fourier-cosinus transforms.

The final result is: for n ¼ 0 (fundamental of the

spectrum)

Dhf
0 ¼

1

qceV
p=VL� 1þ e�

p
V L

ðp=V Þ2
/w

0

No0

 

þ
XQ
q¼1

e�
p
V L � ð�1Þq

ðp=V Þ2 þ a2
q

/w
q

Noq

!
; ð25Þ

and for nP 1 (harmonics of order nP 1)

Dhf
n ¼

1

qceV

p
V

L
2

ðp=V Þ2 þ a2
n

/w
n

Non

2
666664

þ
XQ
q¼0

ðp=V Þ2ðð�1Þne�p
V L � 1Þ

ððp=V Þ2 þ a2
qÞððp=V Þ

2 þ a2
nÞ

/w
q

Noq

þ
XQ
q¼1

q6¼n

q2

q2�n2 1� ð�1Þnþq# $
ðp=V Þ2 þ a2

q

/w
q

Noq

3
777775: ð26Þ

Eqs. (25) and (26) defines the coupling matrix GðpÞ
between the wall flux density received by the fluid and

the bulk temperature in the Laplace–Fourier domain.

This matrix links the spectrum of the fluid heating to the

spectrum of the wall heat flux density at the interface

solid–fluid:

DhfðpÞ ¼ GðpÞ/wðpÞ: ð27Þ

Matrix G is full, which indicates a coupling between the

different harmonics.

In steady state conditions (p ¼ 0), the expression of

this matrix expression is rather simple:
Gn;q ¼
L

2qceV

1 � � � 4
p2

1�ð�1Þq
q2 � � �

..

.
0 4

p2
ð�1Þnþq�1

n2�q2

2
p2

ð�1Þn�1

n2
4
p2

ð�1Þnþq�1

n2�q2
. .
.

..

.
0

0
BBBBBB@

1
CCCCCCA
:

ð28Þ

Moreover, the heating spectrum Dhf can be expressed

as a function of the spectrum of the absolute tempera-

ture hf :

Dhf ¼ hf � hf
0; ð29Þ

where hf
0 is the spectrum of the inlet (and initial) tem-

perature T f
0 :

hf
0 ¼ ð T f

0L=p; 0 � � � 0 Þt ð30Þ

because this temperature T f
0 is a constant scalar.

To sum up, the preceding boundary condition is

written in the formalism of the quadrupole method:

hf
0

/w

� �
¼ I G

0 I

� �
hf

/w

� �
; ð31Þ

where I is the identity matrix.

In the case where the convective heat transfer is

characterised by a uniform heat transfer coefficient h:
�uwðx; tÞ ¼ hðT wðx; tÞ � T fðx; tÞÞ (the sign ‘‘)’’ comes

from the fact that we consider an algebraic transfer from

fluid to wall), that is to say: /w ¼ hðhf � hwÞ.
The quadrupole relation equivalent to the boundary

condition is thus

hf
0

/w

� �
¼ I G

0 I

� �
I I=h
0 I

� �
hw

/w

� �
ðpÞ: ð32Þ
4.2.1. Modeling a channel with its walls

Let us consider now a flow between two blocks

numbered 0 and 1 as shown in Fig. 4. It is assumed that

the fluid exchanges heat with the two blocks through the

same uniform convective coefficient h. The equation

governing the bulk temperature of the fluid is

u0ðx0; e0; tÞ � u1ðx1; 0; tÞ ¼ qce
oT fðx; tÞ

ot

�
þ V

oT fðx; tÞ
ox

�
:

ð33Þ

Here wall heat flux densities ui (i ¼ 1; 2) have their signs
determined by the orientation of the zi axis of the upper
and lower blocks shown in Fig. 4.

In the double transformed domain, the relation

between spectra, becomes––see (27):

Dhf ¼ GðpÞð/0ðz0 ¼ e0; pÞ � /1ðz1 ¼ 0; pÞÞ: ð34Þ

The definition of the h coefficient on the two walls

can also been written using spectrum vectors:



Fig. 4. Fluid flow between two parallel plates.
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/0 ¼ hðh0ðz0 ¼ e0; pÞ � hfÞ; /1 ¼ hðhf � h1ðz1 ¼ 0; pÞÞ:
ð35Þ

The quadrupole matrix relative to the channel with-

out its walls (transfer matrix of the flow) appears then

naturally in the case where the inlet temperature T0 is

null (Dhf ¼ hf ). This matrix directly stems from Eqs. (34)

and (35):

h0ðz0 ¼ e0Þ
/0ðz0 ¼ e0Þ

 !
¼

I I=h

0 I

� �
I 0

G�1 I

� �
I I=h

0 I

� �


 h1ðz1 ¼ 0Þ
/1ðz1 ¼ 0Þ

 !
: ð36Þ

The solution of the problem shown in Fig. 4, that

incorporates conductive heat transfer in the walls with

adiabatic lateral faces (x ¼ 0 and x ¼ L), is then

h0ðz0 ¼ 0Þ
/0ðz0 ¼ 0Þ

 !
¼ A0 B0

C0 A0

 !
I I=h

0 I

� �
I 0

G�1 I

� �



I I=h

0 I

� �
A1 B1

C1 A1

 !
h1ðz1 ¼ e1Þ
/1ðz1 ¼ e1Þ

 !
;

ð37Þ
Fig. 5. Temperature (�C) and flux de
where the solid block matrices Ai, Bi, C i (for i ¼ 1; 2)
are defined in (18).
4.2.2. Numerical application for steady state conditions

A 3· 104 Wm�2 uniform excitation flux is imposed

on the upper face of block 1 whose width (third

dimension) is equal to unity. The lower face of block 0 is

adiabatic. The two 10 mm long and 500 lm thick blocks

are made out of silicon (k ¼ 135 Wm�1 K�1). Water

flows in the 100 lm thick channel with a 5 cm s�1

velocity (Re ¼ 15:4). For this application, one considers

that there is no scale effect in the micro-channel and

that the Nusselt number is uniform and equal to Nu ¼
4:12 which corresponds to an imposed flux boundary

condition [8]. Thus h¼ 25,950 Wm�2 K�1 for kf ¼ 0:63
Wm�1 K�1 and the three parameters of the problem are:

NTU¼ 12.4, Bi ¼ 0:10 and M ¼ 0:32. Simulated tem-

peratures and flux densities are shown in Figs. 5 and 6.

The bulk temperature variation is not linear at all. This

is a consequence of large axial conduction effects. On

this example, the bulk temperature reaches half of its

maximal value after only about 1 mm of micro-channel.

So half of the total excitation flux is communicated to

the fluid flow on this first millimeter. The total flux re-

ceived by block 0 is of course equal to zero, but this

block helps to make the temperature more uniform

along the x-coordinate: block 0 receives heat from the

micro-channel in the downstream 9 mm to release it to

the first millimeter upstream flow.

Fig. 7 shows the normalised bulk temperature vari-

ation T 

f ¼ ðTfðxÞ � Tfð0ÞÞ=ðTfðLÞ � Tfð0ÞÞ for several

flow rates. We can remark that for this geometry axial

conduction effects become negligible for M numbers

lower than 0.01 (Re ¼ 500). Of course, for a given

geometry, the lower the Reynolds number the larger the

axial conduction effects become: the fluid flow heats up

in a sizeable way in the vicinity of the inlet section and

consequently a large temperature gradient build up in

the wall.
nsity in the system (N ¼ 100).



Fig. 6. (a) Interface temperature and (b) interface flux density.

Fig. 7. Normalised bulk temperature as a function of x for several Reynold numbers.
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4.2.3. Remarks on the assumption of a uniform h
coefficient

The assumption of a uniform heat transfer coefficient

seems to constitute here a restrictive hypothesis. The

effects that we are trying to bring to the fore appear at

the channel inlet, that is precisely at the location where

heat transfer is not fully developed. The uniform h
coefficient assumption is however necessary if the wall

conduction effects have to be studied in a simple way.

The same assumption is also a prerequisite in the model

that will be used for estimating experimentally the local

heat transfer coefficient, see Section 4.3. The only way of

testing this assumption is to use a more sophisticated

(less reduced) model by solving the conjugated transfer

between wall and fluid without any transfer coefficient:

the convection–diffusion equation can be solved in the

fluid layer in laminar regime, with the calculation of a
two-dimensional temperature distribution in the fluid,

by the quadrupole method, see [12]. It is thus possible to

derive the true local h coefficient by a calculation of the

wall temperature and heat flux density, as well as the

fluid bulk temperature calculated through an integration

in the thickness of the fluid flow.

The same micro-channel as the one studied above

(e1 ¼ e0 ¼ 400 lm; ef ¼ 100 lm; L ¼ 10 mm), but with a

symmetrical imposed flux onto faces z0 ¼ 0 and z1 ¼ e1,
with the same input data as above (Re ¼ 15), is shown in

Fig. 8. The bulk flow and interface wall temperatures are

calculated with the two models, reduced model given by

Eq. (37) and detailed model [12]. It is shown in this

example that the error caused by the reduced model

(uniform h assumption) is quite low when compared

with the error caused by the use of a one-dimensional

heat conduction hypothesis in the wall (that yields a



Fig. 8. Comparison between the reduced model (uniform h)
and the exact model (laminar hydrodynamically developed

model with 2D temperature field in the fluid).
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linear variation of the bulk temperature of the fluid

flow). The effect of axial conduction in the wall is much

larger than the non-uniform h effect.

4.3. Simulating the estimation of a heat transfer

coefficient

Scaling effects concerning heat transfer in mini–mi-

cro-devices are not clearly established. Often special ef-

fects are proposed to explain unexpected experimental

results, great care has to be paid for inversion of the

temperature measurements. We have recalled in Section

1 that a common assumption often made [3–7] is to

consider the wall flux density uniform along the chan-

nels. However, according to Figs. 6 and 7, this wall flux

density is far from staying uniform and the bulk tem-

perature of the fluid does not vary linearly. This effect is
Fig. 9. Simulated and estimated Nusselt number
especially important when the M number is large. Thus,

one-dimensional models do not fit well for inverting

measurements when the Reynolds number is low.

The preceding analytical model can allow to estimate

a convective heat transfer coefficient starting from a

non-intrusive temperature measurement (infrared ther-

mography for example) on the external face of the

channel. Here, a simulation of an experiment has been

implemented for the preceding example of micro-chan-

nel. The simulated temperature on the upper face of

block 1 (z ¼ e1) is sampled over 320 pixels, which rep-

resents the size of the array of an infrared camera

detector. Then a Gaussian noise with zero mean and a

0.1 K standard deviation is added to simulate the

experimental temperature. This experimental tempera-

ture field and the preceding model allows the estimation

of the mean heat transfer coefficient h through a least

square method. The corresponding simulated estima-

tion of the convective coefficient is equal to 25,905

Wm�1 K�2 (for an exact value used in the direct simu-

lation of 25,950 Wm�1 K�2). The relative error is thus

lower than 2&. By comparison the one-dimensional

model assuming that the bulk temperature is linear,

yields a mean convective heat transfer coefficient:

h1D ¼ u1D hT ðz1
h

¼ 0Þix1 � ðT fðx ¼ LÞ þ T fðx ¼ 0ÞÞ=2
i
;

.
ð38Þ

h1D ¼ 6100 Wm�2 K�1 ð6¼ 25; 950 Wm�2 K�1Þ: ð39Þ

This calculation leads to an underestimation of the

convective coefficient, the error being very high here

because the M number is not small (M ¼ 0:32). This can
explain the dependence of the Nusselt number on the

Reynolds number noticed in most of the preceding

experimental works in the case of laminar flows. Fig. 9
s using the 1D-models (1–3) for inversion.
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shows estimated Nusselt numbers as a function of

Reynolds numbers for the preceding geometry and the

two one-dimensional conduction models (linear and

constant bulk temperature). The preceding works have

produced results that are clearly artefacts: inversions

made with non pertinent models yield an apparent in-

crease of the Nusselt number with the Reynolds number

as well as an underestimation of this number. One

can notice that the thermal quadrupole method is able

to allow an estimation of the first harmonics of a

non-uniform convective heat transfer coefficient hðxÞ
[10,13].

4.4. Modelling a parallel plate counter-flow heat

exchanger

Let us consider now a counter-flow heat exchanger

between parallel plates whose basic cell is shown in Fig.

10. The hot fluid of volumetric capacitance qchot flows
with the mean velocity Vhot. Its temperature is called T
hot. The cold fluid of volumetric capacitance qccold flows
with the mean velocity Vcold. Its temperature is called

Tcold. The preceding method allows to write in steady

state conditions (see Appendix A):

h0
hot

/hot

 !
¼

I Ghot

0 I

� �
I I=hhot
0 I

� �
A B

C A

� �



I I=hcold
0 I

� �
I Gcold

0 I

� �
h0
cold

/cold

 !
; ð40Þ

where h0
hot and h0

cold are the inlet temperatures spectra

of the hot and cold flows.

According to Eq. (16), in steady state conditions (no

Laplace transform):

h0
hot ¼ ð T 0

hotL; 0 � � � 0 Þt and

h0
cold ¼ ð T 0

coldL; 0 � � � 0 Þt;
ð41Þ

where /hot and /cold are the wall flux density spectra

(Fourier-cosine transforms) at the interface between the

wall and the fluid flows. Solving the two-unknown two-

equation system (40) yields the wall flux densities for

the hot and the cold flows. Then, a direct calculation

gives the fields of temperature and flux density in the

wall.
Fig. 10. Basic cell of a counter-flow he
4.4.1. Numerical application

Let us consider the case of a micro heat exchanger

made of two silicon parallel plates of thickness es ¼ 500

lm and of length L ¼ 10 mm. The thickness of micro-

channels is noted ef ¼ 100 lm. The hot fluid inlet tem-

perature is equal to 60 �C, and the cold fluid to 10 �C.
For this hydrodynamically developed laminar flow, the

Nusselt number is assumed to be uniform and equal to

Nu ¼ 4:12, so h¼ 25,950 Wm�2 K�1 (for kf ¼ 0:63
Wm�1 K�1). The volumetric capacitance of the water is

also assumed to be constant: qc ¼ 4:18
 106 JK�1 m�3

and the mean velocity of the two flows is equal to V ¼ 5

cm s�1. So, the parameters of the problem are the same

as for the preceding example: NTU¼ 12.4, Bi ¼ 0:10
and M ¼ 0:32.

Hundred harmonics are kept (N ¼ 100). The tem-

perature and flux density fields are shown in Fig. 11. We

can remark on this example that the axial component of

the flux density along the flow direction is very impor-

tant. Conductive heat transfer in the walls of this micro-

exchanger is strongly multidimensional here. Transfer

occurs mainly near the inlet of each micro-channels.

This effect is clearly shown in Fig. 12 which gives the

variation of both fluid temperature and wall heat flux

densities in the x-direction.
We can compare these results with the simpler one-

dimensional heat exchanger model for which

ThotðxÞ ¼
DT 0

1=NTU1D þ 1

x
L

�
� 1
�
þ T 0

hot; ð42Þ

TcoldðxÞ ¼
DT 0

1=NTU1D þ 1

x
L
þ T 0

cold; ð43Þ

NTU1D ¼
L 1

hhot
þ 1

hcold
þ es

k

� �.
qcefV

;

DT 0 ¼ T 0
hot � T 0

cold:

ð44Þ

For this particular case (same fluid, same flow rate)

the two fluids temperature distributions are linear and

not exponential. Fig. 13 allows the comparison of the

two models, for the preceding example. The 1D-model

overestimates heat transfer because it does not take into

account the conduction thermal conductance in the axial
at exchanger with parallel plates.



Fig. 11. Temperature and flux density fields in the basic cell.

Fig. 12. Wall fluxes and fluids bulk temperatures.

Fig. 13. Bulk temperatures––comparison between the 1D and 2D models.
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Fig. 14. Exchanger efficiency as a function of the wall conductivity.
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direction. Moreover this axial conduction turns the

counter-flow exchanger into a mixer (a system where

the outlet temperatures of both fluids tend to be equal).

The consequence of axial conduction is a lowering of the

exchanger efficiency e:

e ¼ Tcoldðx ¼ LÞ � T 0
cold

T 0
hot � T 0

cold

:

So, it is clear that an optimal conductivity should exist

for the wall [14]: this optimal conductivity must lower

axial conductive transfer without penalizing too much

conductive transfer in the thickness direction. The ex-

changer with the highest performance is not the one

made out of the most conductive material. This optimal

conductivity can be obtained very quickly by this model

which is very efficient in terms of processing time, see

Fig. 14. For this example, the optimal conductivity is

equal to 11.2 Wm�1 K�1. Here, a stainless heat ex-

changer will be more efficient than a copper one and the

gain can reach 20%.
5. Conclusion

Modeling heat transfer in mini–micro-devices re-

quires taking axial conduction in the walls into account.

This phenomenon which is generally neglected in the

standard macro-analysis stems from the small size of the

systems. Disregarding this effect can lead to very large

bias in the experimental estimation of heat transfer

coefficients, especially for small Reynolds numbers. A

new non-dimensional number M quantifying the relative

part of conductive axial heat transfer in walls has been

introduced. This number appears explicitly in the ana-
lytical solution corresponding to a fin assumption for

the wall. Even if other non-dimensional numbers (Bi and
NTU) and boundary conditions have an effect on axial

conduction too, we have noticed that in the simulation

of most cases that were studied, axial conduction can be

neglected as soon as the M number gets lower than 10�2.

Two analytical models of heat transfer in channel flow

between parallel plates are proposed and allow the

application of an inverse method in order to estimate

convective heat transfer coefficients. Axial conduction in

the walls has to be considered too for designing mini–

micro counter-flow heat exchangers: there exists an

optimal conductivity for the wall which maximises the

exchanger efficiency.
Appendix A

For the same reason as in Section 4.2, for the cold

fluid flows in the x-increasing direction:

h

/

� �
ðz1 ¼ esÞ ¼

I I=hcold
0 I

� �
I Gcold

0 I

� �
h0
cold

/cold

� �
:

ðA:1Þ

Matrix Gcold is defined under steady state conditions by

(28).

The hot fluid flows going in the x-decreasing direc-

tion, the coupling matrix G is slightly modified:

h0
hot

/hot

� �
¼ I Ghot

0 I

� �
I I=hhot
0 I

� �
h

/

� �
ðz1 ¼ 0Þ;

ðA:2Þ

with



Ghot ¼
L

2qcefV

1 � � � � 4

p2

1� ð�1Þq

q2
� � �

..

.
0 � 4

p2

ð�1Þnþq � 1

n2 � q2

� 2

p2

ð�1Þn � 1

n2
� 4

p2

ð�1Þnþq � 1

n2 � q2
. .
.

..

.
0

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA
: ðA:3Þ
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The transfer equation between the z1 ¼ 0 and z1 ¼ es
interfaces is written in accordance with (18):

h

/

� �
ðz1 ¼ 0Þ ¼ A B

C A

� �
h

/

� �
ðz1 ¼ esÞ: ðA:4Þ

Finally the input–output equation of the entire sys-

tem is found by combining Eqs. (A.1)–(A.4):

h0
hot

/hot

 !
¼

I Ghot

0 I

� �
I I=hhot
0 I

� �
A B

C A

� �



I I=hcold
0 I

� �
I Gcold

0 I

� �
h0
cold

/cold

 !
:

ðA:5Þ
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